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SCATTERING THEORY FOR THE ELASTIC WAVE EQUATION
IN PERTURBED HALF-SPACES

MISHIO KAWASHITA, WAKAKO KAWASHITA, AND HIDEO SOGA

ABSTRACT. In this paper we consider the linear elastic wave equation with the
free boundary condition (the Neumann condition), and formulate a scattering
theory of the Lax and Phillips type and a representation of the scattering
kernel. We are interested in surface waves (the Rayleigh wave, etc.) connected
closely with situations of boundaries, and make the formulations intending to
extract this connection.

The half-space is selected as the free space, and making dents on the bound-
ary is considered as a perturbation from the flat one. Since the lacuna property
for the solutions in the outgoing and incoming spaces does not hold because
of the existence of the surface waves, instead of it, certain decay estimates for
the free space solutions and a weak version of the Morawetz arguments are
used to formulate the scattering theory.

We construct the representation of the scattering kernel with outgoing scat-
tered plane waves. In this step, again because of the existence of the surface
waves, we need to introduce new outgoing and incoming conditions for the
time dependent solutions to ensure uniqueness of the solutions. This introduc-
tion is essential to show the representation by reasoning similar to the case of
the reduced wave equation.

1. INTRODUCTION

In this paper we consider the elastic wave equation with the free boundary con-
dition (Neumann condition). Then there exists the Rayleigh wave, and this wave
seems to be concentrated near the boundary and peculiar to this boundary value
problem. Therefore, it is expected that scattering of the Rayleigh wave is connected
closely with situations of the boundary. In this expectation, we have formulated
a scattering theory of the Lax-Phillips type for the isotropic equation in the half
space (cf. M. Kawashita, W. Kawashita and Soga [7]). In this theory the half-space
is selected as the free space and the flat boundary is perturbed. Furthermore, it is
shown in [7] that general scattering theories of the Lax-Phillips and Wilcox types
can be translated into each other. In [7] we have developed basic formulae required
for the study of scattering problems in the Lax-Phillips theory, e.g., the translation
representation, etc.
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In the present paper, employing the results in [7], we shall make a further inves-
tigation on the scattering problems under similar situations. Namely, we formulate
the scattering theory of the Lax-Phillips type in the space ) perturbed from the
half-space RY = {x = (21,22, 23) = (x/,23) € R% x5 > 0}, and give a representa-
tion of the scattering kernel (matrix) similar to the ones by Majda [I1], Soga [17],
[18], etc. The representation obtained here can separate the part of the Rayleigh
wave from the scattering waves.

Let Q be an isotropic solid with the density p(x) and the Lamé parameters A(x)
and p(x) satisfying

inf p(x) >0, inf (A(x)+2u(x)/3) >0, inf u(x)>0.
xEN xEN xEN

We consider the elastic wave equation

(p(x) A(x,0x))u(t,x) =0 in R x Q,
(1.1) N(x, ) (t,x)=0 on R x 99,
u(0,x) = fi(x), du(0,x) = f2(x) on €2,

where u = u(t,x) = (uq(t,x), u2(t,x),uz(t,x)) is the displacement vector of x at
time t in €2, and

3 3
A(x, 0 )u = Z Oz, (aij(x)0y,u)  and  N(x,0x) Z X)a;;(X)0z,u |dQ

ij=1

The coefficients a;;(x) of A(x, 0x) are n x n-matrices, and their (p, ¢)-components
@ipjq(x) are given by the forms a;pjq(x) = A(X)0ipdjq + 11(X)(0i;0pg + 0igdjp), Where
d;; are Kronecker’s delta. The boundary operator N(x,dx) is the conormal deriv-
ative of A(x,0x), and v(x) = (v1(x), v2(x), v3(x)) is the unit outer normal vector
at x € 092.

Throughout this paper, we always assume that the boundary 0 of Q is C'*°,
0, A, i € C®°(R3), and there exist constants Ry > 0, pg, Ao and ug € R such
that 9Q N (Bg,)® = OR3. N (Bg,)¢, p(x) = po, A(x) = Ao and p(x) = po for any
x € (Bg,)¢, where Bg, = {x € R3;|x| < Ry}.

We denote by H the Hilbert space L?(£2; C?, p(x)dx) with an inner product

(£, g) = /Q (£(x), 8(x))es p(x)dx,
where (a,b)cs = 23

i1 a;b; for any a = (ay,as, az) and b = *(by, ba,b3) € C3, and
define the operator A with domain D(A) in H in the following way:

D(A)={ueH; Ax,0x)u e H, N(x,0x)u=0},
Au= —(p(x)) A, BJu  (ue D(A)).

Then A becomes a non-negative self-adjoint operator, which follows from the Korn
inequality (cf. [3] or [16]). Let H(A'/2) be the Hilbert space defined by the comple-
tion of the set D(A'/?) (the domain of A'/?) with respect to the norm ||AY2f||3.
In the same way as in [7], we introduce the Hilbert space H = H(AY?) x H
and the one-parameter family of the unitary operators {U(t)} defined by U(t) :
t(u(0,+), Opu(0,-)) — *(u(t,-), Opu(t,-)). In the same manner as in [16], we can show
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that H is equivalent to the space H = H'(Q) x L?(Q) with the inner product

(Fg), -5/ { Z (455 (x), (0. 9, 1 (x)) s + () (B2(20) 82(30)) s } .

i,j=1
f=1(f,f), &="(g,g)e€H,

where H™(Q) = {u € H™(Q);9%u € L*(Q) for1l < |a| < m,lim, .72

loc x

erIX\S% lu(x)|?dx =0} (m=0,1,...). The generator L of {U(t)} is given by

LE ="'(f, (p(x)) " Alx,00)f1), f € D(L) = H*(Q) x H'(Q).

The scattering theory of the Lax-Phillips type for our equation is constructed
on the space H, as is shown in §3l This is the first main result of this paper. We
show that the wave operators W (in the Lax-Phillips sense) are well defined and
complete, and then we construct the outgoing and incoming translation (spectral)
representations Ty (7%) for the perturbed space Q. In §3] using the results for the
free space obtained by [7] and the ones in §2] of this paper, we prove the first main
result.

To construct those representations, there are several approaches, for example,
Lax and Phillips [9], Shibata and Soga [I6], etc. In their approach, it plays an
important role that “the lacuna” appears for the solutions, with the initial data
belonging to the outgoing or incoming subspace. Ikawa [4] gives a different and
interesting approach based on the decomposition of the waves due to Morawetz [13].
Through this approach he makes the inverses of the wave operators by successive
approximations. In this approach, we need Huygens’s principle, i.e., the fact that
there appears the lacuna for the fundamental solutions in the odd dimension.

In our equation, however, the property of “the lacuna” (or Huygens’s principle)
cannot be expected in general because of the existence of the Rayleigh wave and the
other surface waves (cf. §6 in [7]), and therefore we need to develop a new method
to fill this up. Although those waves do not have the property of “the lacuna”,
they decay on balls whose radius tends to infinity in a velocity (cf. Theorem
in §2). From this decaying property, we can obtain a good decomposition of the
waves which stands for showing the completeness (cf. Proposition B.Al). Thus we
can avoid the lack of the property of “the lacuna”.

The second main result is to obtain a representation of the scattering kernel of
the Majda type (cf. Majda [11], Soga [I7], etc.). In the scattering theories for elastic
equations in exterior domains, Soga [18] and Kawashita [6] obtained representations
of the scattering kernels of this type. In this case, the whole space R™ (not the half-
space) is chosen as the free space. These representations are made by means of
distorted plane waves. In the papers [18], [6], etc., the Rayleigh wave or the other
surface wave does not appear in the free space case, and consequently the distorted
waves are fairly simple, i.e., distortions disappear if ¢ is negative enough. In our
equation, however, the distorted waves are somewhat more complicated because of
existence of the surface waves. They do not become equal to some (undistorted)
plane waves exactly, and only converge those waves in a certain sense as t tends
to —oo. This means that we have to set up “an outgoing condition” for the time-
dependent problem and to make a connection with “an outgoing condition” for
the reduced problem. In 4l and §5l we analyze the distorted waves. In g6 we give
the representation of the scattering kernel. Since our distorted plane waves are
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complicated, it seems to be hard to follow the time-dependent approach due to
Majda [11] and Soga [17], [18]. Hence we use the procedures in [6], which can be
considered as the Fourier transform of the time-dependent approach originally due
to Lax and Phillips [9], [10].

2. DECAY PROPERTIES OF THE FREE SOLUTIONS

Let the coefficients of the operators in (IT]) be constant, and consider the problem
in the free space:

(002 — Ao(@x))ut.) = 0 in R x B2,
(2.1) No(Ox)u(t,x) =0 on R x 9R3,
u(0,x) = f1(x), Ou(0,x) = f5(x) on R}.

Here, we add the suffix 0 to the notations p, A, N, H, U(t), etc., such as pg, Ao,
No, Ho, Up(t), ete.

There exist two types of body waves which propagate inside of elastic media.
They are called the primary waves (P-waves) and the secondary waves (S-waves),
respectively. In (1)), the phase speed of the P-waves and the S-waves are given

by cp = /(Mo + 210)pp ' and cs = 1/ popy b, respectively. In @), there also exist
the Rayleigh surface waves. The phase speed of the Rayleigh waves is defined by
the unique root of the following algebraic equation with respect to s = cg/cs in
0<s<It )
3 2 Ho o
5 8s +8(3 )\0+2/L0)+16()\0+2u0 1)_0

(see, e.g. [1] or [2]). Note that 0 < cg < cg < cp, and the Rayleigh waves of the
time harmonic type e~ "¢l (x; o,w) are given by

2 i .
(2.2) o (x;0,w) = \/QWpOCé%ei"cl_%l“"x/ Z Cfeflglcl_%lfg)”ag)(a,w),

Jj=1

where €5 = \/T— (ca/ep)2, € = /1— (cafcs)?, CF = 2 — (cr/cs)?, CF =
—2§g), ag)(o,g) = t(C,‘%‘" g)), ag)(o,g) = t(g}?g,%), and the positive con-
stant C§¥ depending only on cp and cg is taken satisfying fooo |pF (x50, ) Pd 23 =
27Tp0€3|(7‘_1.

To construct the translation representations in the perturbed space, Lax and
Phillips used the outgoing and incoming subspaces DY in the free space. The
spaces DY in the case of the whole space R" (not the half-space) are characterized
by the form

(2.3) DY = {f ='(f,f,) € H; Up(t)f (x) = 0 in |x| < +ct }

for some constant ¢ > 0. This property plays an important role in developing the
methods in the theory of the Lax and Phillips type (see e.g. [9], [16]).

As Lax and Phillips [9], Shibata and Soga [16], etc. have done, we can also define
the outgoing (resp. incoming) subspace D} (resp. DY) by

DY =Ty ({k € L*(R; N); k(s) = 0 for +5 < 0}),

where Tj is the translation representation for the free space constructed by [7].
Nevertheless the outgoing and incoming subspaces in the present case do not have
the above property because of existence of the Rayleigh wave and other surface
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waves (cf. Theorem 6.3 and Proposition 6.5 in [7]). They have, however, some
decay property as we explain later in this section. We can use this property instead
of the property (23] to construct the theory in our perturbed equation.

The translation representation Ty = t(T()’P, To,sv, To.svo, To,sm, To,r) obtained
in §6 of [7] consists of the five operators Ty, (v € A = {P, SV, SVO, SH, R}).
Each Tp, is a bounded operator from Hy to L*(R; L?(S2)), where S% = S%, =

={w="w\w3) € S%;w3 >0}, S§y, = {we ST || < &} SGyo =

{we S%; || > <=} and S%2 ={we€ R?; |w| =1}. Thus Tp is a bounded and
bijective operator from Hy to L?(R; N) (where N = @, L?(52)) and satisfies
| Tof ||L2 RN) = 4(271')2HF||%{0 for any f € Hy, and Ty(Uo(t)f)(s) = Tof (s — t) for
anthRandf"EHo.

Using the translation representation T, we decompose Uy(t) into the five com-
ponents Uy o (t) (o € A). They are defined by

Uo.p(t) = Uo(t)(To) "+ (T p,0,0,0,0),
Uo.sv (t) = Ug(t)(To) (0, Tpsv, 0, 0,0),
Uo,svo(t) = Us(t)(To) ' (0,0, Ty svo,0,0),
Uo.su(t) = Uo(t)(To) "1 %(0,0,0, Ty s#,0), and
Uo,r(t) = Uo(t)(To) =" (0,0,0,0, Ty ).

For example, Uy p(t) represents the element concerning the reflection phenomena
of incident P-waves, and Uy r(t) represents the element concerning the Rayleigh
wave. As is in [7], we can obtain the concrete form of Up o(t) (o € A) using the
components of the translation representation 7y ,. Let us introduce these results
in [7] since we need to show decay properties. We begin by introducing notation:

W' ="Y(wi,w2),® —t(w' —w3), aP(§)1 §="¢&),
aSV(E) ( |£,| a|£ |) ( ) |€/| ( 527513 )

W) = (2w, & @) ), €V (W) = (2w, (W) ),

Vo) =t (2w, (W) ), & W) = /1 —( <Pl P,

€37 (W) = /1= (&)W, n(w) = /(&)w']? - 1,

/\

ARW) = (2)2 (1 2(2)22) + 488 o Puséd (@),
AP (w) = Lesuylur|((22)? - 21w/ |?),

AV (w) = ( £)2 (1 - 20w'|?)” £ 42 |w' Pw;s&5" (w),
AV (w) = ASVO(w) = — 40Pw3|w'|<1—2\w|>
AFVO(o,w) = (& ) (1 2|w'\) :|:4|’; i§|w’|2wgn(w),
ASVO(W):l SVO(U w)|

Proposition 2.1 (Theorem 6.2 in [7]). Let f € Hy satisfy Tof € Co(R;N) and
Tof (0) = 0. Set ug,(t,x) = (—1)l2(27r)20i/2pé/2 [UOQ( )FL (x), where csy =

csH = csyo = cs and [E]1 (resp. [E]2) denotes the first (resp. second) component
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of €. Then, the functions uq i (t,x) (o € A and | = 1,2) are of the following forms:

up,(t,x) = / {ap(@) (&iflTO,pf') (cpr@ - x —t,w)
St

ap(w) <8i_1To,pF) (cplw-x —t,w)

- AJSrV—(w) agy(w) <8i_1To,SVF) (cglw-x—t, w)} ds,,,

c c 2 1 _20.)/ 2\2
uSvo,l(t7X) = /S2 |:( P/ SA)SE/O(W) | )

{asv(u}) (QiflTo,svof?) (cgld) ‘X —tw)

—agy(w) (8i_1T0’5vof) (cglw S — t,w)}

cp/cs)|w Pwsn(w .
A P/ASS)VOL;)BW( ) {asv(@) (“(Ds)aiflTo,svof) (515 x—t,w)

+agy () (5D Tosvof ) (c5'w-x —t,w)}

iz“izgwi {(CPW )/K (t+s;x w)a Tosvof(s w)ds
- < 0 )/K t—|—sxw)3 1Tosvof(S W)ds}]dswa
usm,(t,x) = /szH aspy(w) {(5571T0,3Hf) (50 x—t,w)

+ (5‘271T075Hf) (c5'w-x— t,w)} dS,,

up,(t,x) \/27rp000
{ZCJJFR/ /K (t+ s;x,w)04" TO,RF(S,w)deSw

+ZCJR/ ( )/KRjt—&—sxw)@l 1T()Rf(s w)dst}

where Oy = CF, Cf p = —26¢), 07 = —Cfely), O = 265,

1 X+ 1 XE
Kf(sixw)==-——95 K& (s;x,w)== R ,
sEx = xR ) S IR R (X
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X& =cp'n(w)as, Xg =cg'w -x' —s, X]';j =cp' g):cg, Xp,; = cplw-x' —s and
k(o) = —io/|o| (that is, K(Dy)k(s) (= limjo X f|sfs’\>6 1 k(s")ds') is the Hilbert
transform).

Using these concrete expressions, we can characterize the outgoing and incoming
subspaces associated with the translation representation T (cf. Theorem 6.3 in [7]).
For the concrete re_)presen_"cations of To,a, we put So = {f ="(f;,f2); f; € S(Ri)},
where S(R%) = {f s ;s £ € S(R?)} and S(R?) is the usual Schwartz’s function

space (the space of rapidly decreasing functions in R?).

Proposition 2.2 (Theorem 6.6 in [7]). The operators Tpo (o = A) are of the
forms:

—

P w
f A ap(w) - (Rpf)(cps,w)

ap(J)) . (Rpf)(CPS,(IJ) — Ai(w

~

1/2

Ty, pf (s,w) = (cppo)

~

>

w

F(w)

"(

~—

|
NUQM|U?[\3

>

asy(¢F(w)) - (RSF)(CSSKP(W))] ;

—

To.sv (s,w) = (cspo)/? |agy (@) - (Rsf)(cgs, @)

SV(w S
— Masv(w) (Rsf )(css,w)
ch A%V (w)

ap(£¥ (w))- (RPF)(CP&SSV(@)} :

& AT (w)
To.suf (s,w) = (cspo)'/? {asﬂ(w) - (Rsf)(css, @) + agy(w) - (Rsf )(css,w)} :

(CP/CZ)SE}O_(E)'L” ) {asv(@) - (Rsf)(css,@)

— asy(w) - (Rsf)(ess,w)}

To,svof(&w) = (cspo)/? [

4(cp/es)w'[Pwsn(w) {asv(w) - (k(Dg)Rsf ) (cgs, @)

+ ASVO (1)

+ agy(w) - (k(Dy)Rsf )(css,w)}

2 ASVO c /
cp A (w) Lw ~. = cp
_%WK 57 ) (R (cps, C—w’,n(w))

2
- w ~, = .
To,nf (5. ) = (cnpo)/*y/2mpoCh {O;R (%) (REF)(ensw.€)
j=1

—I—C’;R (?) . (ﬁRF)(cRs,w,gg))}
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for any f = HGRNE go, where “-” means the inner product of C3, and the

operators R, RE are defined by

Rag (535) = CaagROgl(sag) - aSROgZ(Sag) (Oé = Pv S),

Rgg(svg/v&i) = Caagﬁ(igl(saglag?)) - 8s7€3[g2(57f/7§3) (Oé = Sa R)
Here, R°h(s,§) = f{xeRi_x{:S} h(x) dSyx is the usual Radon transform and RS,
are the operators defined by

= / 1 £3$3
R(jrh(s,f €3) = p /]R3+ (Gra) 4 (@ % = s)Qh(X) dx,

~ 1 s—¢ -x
R%h(s, &, = —/ h(x) dx.
(88 %) ™ Jry (§sw3)? + (€X' — 8)? G
Now let us derive decay estimates for the solutions to (ZI]) in the space D} =
Uo(£(CY,;,,)~1r) DY, where r is any positive constant and C2,, = cp is the slowest
speed of the waves for the free problem (21).
Theorem 2.3. (i) For any & € D', (r € R), we have Uy(t)g € C*> fort >
(Coin) (x| 7).
(ii) For any m € NU{0} there exists a constant Cp, > 0 such that
Y MU )E Nl 2w mny < Crn B2 (t 4 (Cui) ™ (r = R) 271 |
jal+7=m
foranyg € D7, R>1,t> (CY, )" '(R—r).
(ili) For any m € NU{0}, there exists a constant Cy, > 0 such that

S O UME L a(ss g ye) < Con(L+ Y2 € o)
la+j=m
for any & € D(Ly )N DI (m>2), § € Hyn Df”z (m=0,1),t>0.
(iv) For any £ € NU {0} there exists a constant Cy > 0 such that
Z Hagag[UO(t)g]lHL?(RimBR) < CyR*(t — Q(ngin)_lR)_g_qlg||H4(R1)
la|+j=1+¢
for any t > 2(C° .

1E ey = S {195 Vil ety + 105 Eell 2 }-
la|<e

)R, & € D(L§) with supp & C Bg, where

Before proving Theorem 23] we show Lemma [Z4], which we need to obtain (iv)
of Theorem 2.3
Lemma 2.4. (i) If « € {P,SV,SH}, then Ty & (s,w) = 0 when |s| > (C°,.
for any R >0 and & € Hy with supp € C Bg.

(ii) If a € {SV O, R}, then for any integer 1 > 0 and j = 0,1, there is a constant
C; > 0 such that for any r, v’ and R with R > 1, 7' >r > (CY, )" 'R, and g € Hy
with supp € C Bg, we have

/ 1(5(D2) 0T 8 (5: )2 53

5 —(r=(Cpin)
<o |
_(7./_(00 )_1R)

min

)R

—1

s 2 dg|g ”?—IO(Ri)’
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where k(o) = —io/|o|, that is, k(Ds)k(s) = limeo £ [,

s s[> k(') ds is the
Hilbert transform.

Proof. It suffices to prove the lemma for g € 50 since go is dense Hy. For the
Radon transform R%h(s, &) = f{xeRi-x{:s} h(x) dSx, we have

(2.4) Rh(s,£) = 01in |s| > R and & € S? if supp h C Bg.
Hence we have (i) since every term consisting of Ty & is represented by translations
of the Radon transform (cf. Proposition 2.2)).
Since [ €% ~bloldo = 2b(b? + a?)~! and [, €%~ Ylk(0)do = 2a(b? + a?) 7,
we have
(25) K(Ds)ﬁi:g (875/753) = _ﬁig(57§/a§3)'
From (Z3) and Proposition [Z2] we can obtain (ii) if we show that
(26)  |[5(Dy)RsE (cs,))(s)| < CLRY2(|s| = (i) T R) V18 || g m)
for any s < —(C9,. ) 'R, £ € 5? and
(27)  |[OLREE (co:€'&))(s)] < CLRY?(|s] = (Cruin) " R)™CHV1E |l a1y )

for any s < —(CY, )71R, ¢ € R% 1 < |¢/| <cp/es and &3 > 0, and 3 = P, R.

Since

9sR"g1(5,€) = R°(€ - Vxg1)(s,€)
and
ORLgi(5,€',&) = €| *RLE - Vwg) (5, €', &),

it suffices to show (2.6) and ([2.7) with an additional assumption that § = *(0,g2) €
So.

By ([24), we have

Kk(Dy)O R sg (css,€) =

R URR VA 1 L g
( ) Cs (+ ) / 2+Z(R0g2)(8,£)d8

™ _p (ces — ')
for s < fcglR. This implies that

R
k(D)0 Rsg (css,€)| < Ci(]s| — cg'R) > / IRg2(s',€)|ds’,

—R

which yields ([26) since ffR |R%g2(s,&)|ds < g2/l ry) < R3/2||g2||L2(Ri).
210) follows from the inequality
1

OHREG (cps,€,65) < C /
0,7 R & (con, & &) w15 (Gotal + € % — oo

Ci(ls] — (Cglin)_lR)_(QH)||g2||L1(R1)-
This completes the proof of Lemma 2.4

e g2 (x)ldx

IN

Proof of Theorem 23 (i) and (ii) follow from Theorem 6.3 in [7] since we have a
constant Cj, > 0 such that

10102 [Us()E]1(x)| < Cjalt + (Crun) ™ r = 1xN) 271 |
for any t > (C9,;,) ' (Jx| —r) and g € D7 (iii) is given by (ii) and the fact that

Dl +j=m 10102 U0 (&1l 2r3) < ClEl p(pmasto.m-1), for any t € R.
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By the representation of Uy (t)g (x) in Proposition and (i) of Lemma 2]
we have Up o(t)g (x) = 0 for [x| < R, t > (C°, )"'R and o € {P,SV,SH}. We
show the same estimates for Uy svo(t)g as those for Up(t)g (x) in (iv) of Theorem

From Proposition 2], we get

(2.8)
10702 [Us svo(t)E] ||L2(R3 NBr)
(€. Y1R—t ol 2
IIHNT, svog (s, ‘ ds
(CO “1R_¢ ° o (5:7) L2(S%y o)
(C'l(’)’]’lw _1 . | | 2
+ k(D) Ty sv08 (s, - ’ ds
/_( CO ., V"1R—t (D) o () L2(S%v o)
1/2
Z/ /8j8°‘K7(t+8X )T g(s )ds’z dx
n o %, )T, . :
3NBr 5 Osvo L2(S%vo)

Hence, if we show the estimate

2.9 H/afaaKit . x, VTo.svog (s,-)d ‘
(2.9) | OO 5 (t+ 5%, )To,svog (s, )ds L2(53,0)

S Cj,aR3/2( (Cgun> 1R)_(2+j+|a|)“g ||H0(R§_)a

combining (Z8), ZI) and (ii) of Lemma 24 we have the same estimate for
Uosvo(t)g (x) as that of Up(t)g(x) in (iv) of Theorem 231 In the same way
as for (2.0), we have

/Ki (t+ s,x,w)r(Ds)k(s ds—/K:F (t+ s,x,w)k(s)ds
for any k € C§°(R). In view of the above fact, (21 and the form of Ty svog,

g = (0,g2) € Sy, stated in Proposition 22, we have only to show the following
estimates for the proof of (2.9):

(2.10) / agﬁgth(t + 85X, w)0sRoga(css,w)ds
R

< CjaRY2(t = 2C0) " R) P gy | o s .

(2.11) /8380‘Ki(t+s x,w)0sRY ga(cps, Sw ,n(w))ds

< Cj7aR3/2( (CO

min

)~ 1R)_(2+j+|“‘)||g2||L2(1R3+),

where Cj, > 0 are constants independent of ¢t > 2(C9,.
X € Ri_ N Bgr and t(O,gg) € Sy, supp g2 C Bg.
Let us show (2I0) and 2I1)). By integration by parts and the equality

)R, and w € S%,,,

sup 0y 02K E (t,%,w)| < Cjalt — (COyp) " R|~HFI0D

. min
x€R3 NBR,weS%y o

(|t|>( mzn) lR )’
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we have ([2I0) since f_RR |Rga(s,€)|ds < R3/2||g2||L2(]RE’;_)‘ For any a, a’ € R and
b, b’ > 0, we have

/ a(s) v ax(s)

ds —
Pt (a—s)20%+ (@ —s)?2 (a—a)2+(btb)
where ay(s) =b,a_(s) =a—s, ar(s) =b+ b, a_(s) = a— a/. This implies
/ Kz (t+ s;%,w)0sR . ga(cps, Z_Pw'7 n(w))ds
R s

_ 7La Yi(x,y;w)
cpm Ry (5w - (X —y") = )2 + (cp n(w) (@3 +y3))

5 &2(y)dy,
where Y, (x,y;w) = cp'n(w) (w3 + y3), Y- (x,y;w) = cg'w’ - (X' —y’) — t. This
yields (ZI1)) in the same way as (Z10). Thus we have the estimate of Uy sy o€ (%).

Noting the form of Ty g€ (x) in Proposition[2.2] we can obtain the same estimate
for Uy, r(t)€ (x). This completes the proof of Theorem 23

3. SCATTERING THEORY FOR THE PERTURBED HALF-SPACE

In this section, we show in the perturbed space ) that the wave operators W are
complete. This enables us to set up well the outgoing (resp. incoming) subspace
D, (resp. D_) in Q. It seems that exactly the same arguments as in Lax and
Phillips [9] cannot be applied to our case since the spaces DY in the free space do
not have the property (23) (cf. Theorem 6.3 in [7]), which plays a basic role in the
construction of Dy. Instead, as Phillips [14] did, we begin by showing the existence
and completeness of Wy. Next we modify the arguments in Tkawa [4] and construct
the inverse of the wave operator by a successive approximation.

Taking a cut-off function ¢ € C*°(R?) with 0 < ¢ < 1,9 (x) = 1in |x| > Rg+4/3
and ¥(x) =0 in |x| < Ry + 1, we define the wave operator W, by

Wi =s— lim U(=t)JuUo(t),

where Jy, is given by wa" = t(¢ypfy, f,). Noting that
31 A+ DO 2 @nry) < CIVxhll2@s)  for any h e L*(RY)

with some fixed constant C' > 0 (cf. the proof of Lemma 1.3 in [I6]), we have
Jy € B(Hy, H)NB(H, Hy)NB(H) N B(Hy), where B(Hy, H) is the set of bounded
operators from Hy to H, and B(H) = B(H, H), and so forth.

Proposition 3.1. The operators Wi are well defined, partially isometric as
bounded operators from Hy to H and satisfy

U)Wy =WiUy(t) for anyteR.

In what follows, we consider only the outgoing case (i.e. ¢ — 0o) since the incom-
ing (i.e. t — —00) case can be treated similarly. To show Proposition Bl we need
to verify the existence of a leading part of the solutions to (IIl) in a decaying sense
ast — oco. For w € ﬂ;zo CY(R; H*7(R3)) with g,w € ﬂjl-zo CI(R; H'I (R3)),
we consider the following mixed problem:

(07 = (p(x)) "L A(x, 0x))u(t,x) = gw(t,x) InRxQ,
(3.2) N(x, 0 )u(t,x) = my(t,x) on R x 99,
limi—co [[u(t, )[l1,0 =0,
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where ||u(t7)||p7 Zl<\o¢\+]<p ”8Ja ll( )HLZ(Q ( = 1 2 .. ) and

aw(t,%) = (p(x)) "M A(x, 9x) (Y (x)W (2, %)) — pg ' (%) Ao (Ox) w(t, x)
= ((p(x)) 7 A(x, 8x) = pg ' Ao (0 ))( ( w (t,X))

my, (£, %) = P(x)No (Ox)w (2, %) — N (x, Ox )w( ) (t,X))
= (No(0x) = N(x,0x)) (b (x)w(t, %))
—(No(0x)¥)(x) - w(t, x).

We also set Fp(t, w) = Z1<g+|a\<p |16] ogwit, Mz2@nBry) (P = 1,2,...) and
Fo(t,w) = [[w(t, )l r2(@nBry 42)-
Proposition 3.2. We have the following:

(i) We assume that Fii,(-,w) € L([0,00)) N L>([0,00)) for p = 0 (resp.
p = 1) and limy,o Fo(t,w) = 0. Then the problem [B2) has a unique weak
(resp. strong) solution u in the class u € ﬂjlig CI(R; H'*P=1(Q)) and du €

v (R HP ().

(ii) There exists a constant C' > 0 depending only on 0 and A(x,0x) such that

(oo}
ha(t, Ml po < € § sup ZF (7, w) +/ Fiyp(r,w)dr
<r =0 t

for any t € R and p = 0,1, where u is the unique solution in (i).
(iii) There exists a constant C > 0 depending only on Q and A(x,0x) such that

lu(t, 2,0 < ClI"(w(0,-), 8w (0, )| p(zy) for anyt € R
if p=1 and w satisfies the following equations:

(p()at2 - AO(ax))w(taX) =0 in R x Ri,
No(Ox)w(t,x) =0 on R x ORY.

Theorem 23] implies that in general the solution w of the free problem (21
cannot be expected to have the decay estimates better than Fy(t,w) = O(t~/?).
This means that Fy(-,w) ¢ L'([1,00)), and therefore it seems difficult to ensure
existence of the solutions of ([B:2]) using usual existence theorems. This is the reason
why we need Proposition[3.2l To show Proposition 3.2, we have to take into account
of the forms of qy and m,,. We give a proof of Proposition in the last section.
Here we show Proposition 3] by means of Proposition

Proof of Proposition Bl For f e D2 we take the solution w(t,x) = [Uy(t tf ],
of (1)), where [f]; = f;. The uniqueness of the solution of (I implies that
U(—t)JyUs()f = (Jy + V(O)E — U(—t)V (1)f

for any t > 0 and f € D(Lq) NDHoT2 where V(O =t(v(t,-),dv(t,-)) and v(t,x)
is the solution to ([B2]) stated in Proposition 3.2l with respect to the solution w(t, x)
of (2I). Hence Theorem 223 and Proposition B2l imply that lim; . ||V (¢)f ||z =0
and limy oo [|[(I — Jp)Up(t)f ||z, = 0. Thus for f € D(Lg) N DT there ex-
ists W f, and W, is partially isomorphic. Since User Uo(t){D(Lo) N D2} =
(User Uo(t) D fo2) N D(Ly) is dense in Hy, we obtain Proposition 311

We define the closed subspace Dy in H by D+ = Wx(DY). Our main purpose
in this section is to show that Dy (resp. D_) is the outgoing (resp. incoming)
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subspace of {U(¢)}. This is equivalent to showing the completeness of W since we
have (J,cp U(t) Dt = Wi (Uyer Uo(t) DY) and the fact that DY (resp. DY) is the
outgoing (resp. incoming) subspace in the case of the free space (cf. [7]).

Theorem 3.3. The wave operators Wy are complete in the sense of R(Wy) = H,
where R(W.) is the range of W.

Hence, in this sense we can say that the scattering theory of the Lax and Phillips
type can be also formulated.

In what follows, we treat the outgoing case. To show the completeness, we need
“local decay property”. From Theorem 1.2 in [§], we have 0,(A) = (). Hence in the
same way as in [9] we can obtain the following.

Lemma 3.4. There is a sequence {t;} C R such that lim; .. t; = oo and for any
f e H w—lim;_ U(t;)f =0 in the weak topology of H.

For proof of Theorem [B.3] it suffices to show that for any fe D(L) there exists
g € Hj satisfying f = W4ig. Usually Theorem [3.3] is shown by contradiction
arguments (cf. [9], [10], etc). In [4], Ikawa gives an interesting approach to obtain
g. He makes a successive approximation of g by using a weak version of the
decomposition originally due to Morawetz [13] (cf. Proposition 1.24 in Tkawa [4]).
Since Huygens’s principle dose not hold for the solution of (2.1I), we have to change
the decomposition as follows.

—

Proposition 3.5. For any f € D(L), there exist o = 1o(f) > 0, g9 € Ho,
fo€ D(L) and Zo(t) € C([r9,00); H) such that U(t)f is decomposed as

UME = JyUo(t —10)80 +Zo(t) + U(t —mo)fo  in H (t > 1),
where &g, £y and Zo(t) satisfy
I1€ollt, < Crllf N, Nfollpe) < Calfllpwy,  Ifolla < 27HEla,
1Zo()llr < (L4t —70) V4|l (for any t > 79 > 0)
for some constants C1 and Cy > 0 depending only on  and A(x, 0x).
Remark 3.6. The constants C1, C3 > 0 do not depend on f e D(L), however,
70 = 7o(f) may depend on f. This is the meaning of “a weak version”.

Using Proposition iteratively, we can follow the argument of Tkawa [4]. Thus
we obtain sequences 7; > 0, € ; € Hy, f; € D(L) and Z; € C([7},00), H) satisfying

ﬁ " . . DR
1€ llm, < Callfj-1llm, Ifillpiy < Callf j-1llperys Ifllm < §||fj71||Ha

1Z 5 ($)llzr < (14t = 7) "4 oL,

U(t — 7~'j,1)fj71 = JwUQ(t — %j)gj + Zj(t) + U(t — %j)fj in H

for any t > 7; and j € N, where 7; = Z;ZO Tp. From this we can conclude that
the limit g = Z;io Uo(—7;)€; € Hy exists and is just the solution of f=Ww,g.
Hence we have Theorem 3.3

To show Proposition we need to make some preparations. Let P} (r € R) be
the orthogonal projection to the space (D7%.)* in Hy. We introduce a regularization
P¢ of P{*? defined by PY§ = Ty [o(-)Tog (-)], where Tp is the translation repre-
sentation for the free space problem given in §2, and p € C*°(R) so that 0 < p <1,
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o(s) =1in s < (C%,,) " H(Ro +2), p(s) =0in s > (C%.. )" (R + 3). Note that
ﬁ’f@ € D(Lg) if & € D(Lg). These operators work as a “cutoff” for the energy
escaping part of the data in Hy (cf. Melrose [12] or [3]).

We also employ extension operators E 4, and E4 to modify cutoff solutions
since they do not necessarily satisfy the boundary conditions in (I]) and @2.1I).
Essentially this is made by means of the Seeley extension (cf. [I5]). For integers
m > 0 we put H,(Q) = H™1(Q) x H™(Q) equipped with the norm HFHHW(Q)
defined by ||f |

o) = 2i1<jaj<mtt 10%f1l172(q) + 1E2ll7rm () -
Lemma 3.7. There exists an operator E, € B(H, (), H1(R3)) N B(H, Hy) such
that
() Eaf € D(Lo) if f € D(L) (ie. Ea, € BOD(L), D(L0))),
(ll) [E_Aof]l(x) = f1 (X) mn QN (BR0+3/2>C and [EAOfJ2(X) = f2(X) m Ri n Q,
(iii) there exists a constant C3 > 0 such that for any £ € Hy(2) we have

I[Eaof il g @2 nBrys/s) < Callfillmi@npag 2 (for1=0,1,2),
IEaof 2l 2 By o2 < Cslif2llm@nBry ) (for 1 =0,1).

We also have an operator E4 € B(H1(R%), H1(Q)) N B(Ho, H) satisfying

(i) EaJy € B(D(Lo), D(L)),

(ii) [Eaf]i(x) = fi(x) in R3 N (Br,13/2)¢ and [Eaf]a(x) = f2(x) in R} N Q,
(iii) there exists a constant Cy > 0 such that for any f € Hy (R3) we have

I
Il

From now on we shall derive some lemmas (i.e., Lemmas and [39)), and prove
Proposition 3.5 at the end of this section. Take ¢ € C§°(R?) with0< ¢ <1, ¢ =1
in x| <1and ¢ =0in |x| > 2, and for s > 0 put és(x) = ¢(x/(Ro+242Ch428)),
where C)q, denotes the larger of the finite propagation speeds for (3:2) and 21]).
Then we can state our decomposition of the solution U (t)F in the following way,
which gives a basis for the proof of Proposition

Eaf il 0nBpy 55 < Callfillm®ingn,,.) — (for1=0,1,2),
EAfollm©@nBrys/s) < Callfellmies npp, ) (for1=0,1).

Lemma 3.8. For any f € D(L), U)f can be decomposed as
UWE =U(t —T = T)\Vp(T)E + Wr(t)F + JuUp(t — T)(I — PE)EA,U(T)E
for any t,T,T > 0 witht > T + T,

where Vp(T) € B(D(L)) and Wr(t) € C([0,00); B(D(L), H1(Q))) satisfy

sup V()| oLy < Cs.
T,7>0

;31;0{(1 +t = D)2\ Wr()| sow).m) + W) sow).m@)} < Cs,

V(D < G {1+ T) 7 2IE I pry + 1Pf Ea U 1,

+ 30 102U Iz @0y o) + 162 U(TF 1

lal<2
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for any T,T >0 and fe D(L). Here, C5, Cg and C7 > 0 are constants depending
only on A(x,0x) and Q. In the above, Jy_ € B(Ho, H) is the operator defined by
replacing ¢ with ¢5 in the definition of Jy.

Proof. We take t, T, T > 0 with ¢ > T and decompose Ut+T) as
(34)  U@+T) = JuUs(t)(I — PELUT)+ Ut —T)UT)VY
+HU) Eady — JpUo ()T — PE)E4,U(T),

where VA = (I — EqJyEx)U(T ) + BaJyP{E4,U(T). For any f € D(4) x
D(AY?) (c D(L)), we define Wr(t)f by Wr(t)f (x) = *(v(t,x), dv(t, x)), where
v(t,x) is the solution of [3.2) for w(t,x) = [Up(t)( — ~f)E U(T)f]l(x) and with

dw and my, defined by [B.3]).

Since (I — PY)g € D(Lo) N D% for § € D(Ly), Theorem 23 and Proposition

B2 imply Wr(t) € C°([0, 00); H1(€2)) N C ([0, 00); H) and

tsql}fo{HWT(t)”B(D(LLHl(Q)) + L+ )W) pn)m} < Cf < .

We set V2 (1) = (U(t) Eady—JpUs(t))(I— P?)Ea,U(T) =W (t). From unique-
ness of the solutions of (L)), it follows that VT(Q) t)=U (t—T)VT(2) (T). This equality
and (B4) imply
(3.5) Ut+T) = JuUo(t)(I — PY)E4,U(T) + U(t — T)Vy(T) + Wr(2),

where Vp(T) = U(T)VY + VUT). Since I — EaJyEa, = —EaJy(Ea, —I) +
(I—Jy)+(I—E4)Jy, LemmaBTyields that {ngl); T >0} C B(D(L)) is uniformly
bounded and there exists a constant C' > 0 such that

VR ln < G { D 1020 @E bz @nnng.n) + 1o, UTIE |

|| <2

Jr||]5fE,40U(T)f||H0 } for any T > 0 and f € D(L),

where we use ||[U(T)f]2“L2(QnBRO+2) < HJ%U(T)ﬂ\H. Hence, replacing t with
t — T in B3H) and putting Wr(t) = Wr(t — T), we obtain Lemma B8 if we show
that there exists a constant C% > 0 depending only on A(x, 9x) and £ such that

@.6) VP DF I < L a+T)7 2 o +\|P*’EAOU<T>FHHO

176, U@E N+ D 102022 00y 1) |
|| <2
for any T, T>Oandf€D( L).
We put Vi (OF = (U EaTy — JuUo(®)gr, E7 = (I = PHE4U(T)E and
u(t,x) = WT@)( F]1 € M)y OV (R; H>(9), dru € (Vo CY(R; H () for f €
D(A) x D(A'Y?). For qy and my, given by B3) with w(t,x) = [Uo(t)g ]1(x), the
function u satisfies
(07 = p(3) L A(x, Dx)Ju(t, X) = (£, %) inR x Q,
N(x,0x)u(t, x) = my(t, x) on R x 09,
t(a(0,-),0pu(0,-)) = (Ea — I)Jy(I — PY)EAU(T)E  on Q.
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Therefore finiteness of the propagation speed for the solution of (LI implies that
VA F =10,0) in [x| > R(t) = Cpaxt + Ro + 2. Thus, using finiteness of the
propagation speed for (L) again, and noting that VT(Z) (t) = VT(Z) (t) — Wr(t), we
have

37 Ve (DF i < 1TpUo(T)E 1 a1y008,,0,)

+ 1 EaTs€ rllronBr) + 1Wr(DF |11

R(2T)

In the same argument as showing the estimate of HVT(l)f |77, we have

|EATs& Tl ity 00y < Ch { D 102 E TN 2@y )
la|<2

1€ rllmo@nBypr) } .
Hence it follows from Lemma B.7 and (B that
(3.8)
IEaTy& 7l mo(0nB <CHITDE (|00 By 2) + ITDE N p20081, 1)
+ 1o B, UT)E |11y + | PEEAU(T)E 11, }.
since ¢7 = 1in |x| < R(2T), Jy.Jy = JyJp. and Jy, € B(Hy).
For || Jy. Ea,U(T)f ||, in B.8), from Lemma B.7 we have
(39) o5 BasU(T)E lliry < 65 BagU(T)E 1150015, )
+ 1o, UDE | rg(0n(Brgs210) + 1T65 (Bag = DUTE [ty 0018y 12)9)
< NI U i+ Co{IUDE |, 0081y 2) + [T (DE N 220082, 2}
From finiteness of the propagation speed for (2.1]) it follows that

R(Zf"))

1 TuUo(T)E 1l o (2B 7)< 1wl Bat0,10) 10,8 7 1o
< Nl B ro,m o s EagU(DE 1o + 1967 | a1o) 1P EaoU(T)E |12, }
since we have Uy (t)g 7(x) = Up(t)Jy. €7 (x) in x| < Ry +2 + Cpnae(2T —t). From
this estimate and B.7)-([3.9), we obtain ([B.6) if we show that {J,_.} C B(Hp) is
uniformly bounded. For h € Hy, (31) yields that

1/2
(R(2T))?hy (x)|*dx
(2T)<|x|<2R(2T)

B e {/R

< Bl + 2G5 (1 + [ )™ ()l 2nrs ) < (1+2C6C) B,
Hence we have supgs [|Js.1/B(#,) < +00, which completes the proof of Lemma

19.5)

To obtain Proposition 3.5l we need various local decay properties derived from
Lemma 3.4
Lemma 3.9. For any f € D(L) we have

(1) for any R > 0, limj oo {|U(¢)f ||, (2nBr) + 1[U(E)Ehll22(@0BR) } = 0,

(ii) for any T > 0, lim; .o [|J4 . U(t;)f |z =0,
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(iii) 1imy oo [|P£ B4, U (t)E || 1o = 0,
where {t;} is the sequence obtained in Lemma B4

Proof. (i) and (ii) are obtained by well-known arguments due to the Rellich com-
pactness theorem (cf. e.g. [9] or [4]) since

1o it < I sy,
To obtain (iii), we set G(t) = EAOU( ) —Up(t)E 4,. By the Duhamel principle and
Proposition B2, we have G(t)f = fo Uo(t — 5)Q(s)fds in Hy for any £ € D(L?),
where Q(t) = (Ea,L — LOEAO)U(t). From Lemma B7 Q(t) is a B(D(L?), H)-
valued continuous function in ¢ with supp Q()f C Bg,12 and [[Q()f [|g,rs) <
C’||FHD(L2) for any t € R, f € D(L?). Since

y + il z2(enB

2R(2f)) .

t
1P G0, < C [ 125l = Qi

mwz 7‘—t+$ = 9 1/2
e[ IT(QEF) I, oy dr ) d,

from Lemma 2.4] and uniform bounded property of {Q(t)}icr in B(D(L?), Hy), we
obtain

|PE G ||y < Cr~Y2||f||pr2y  for any r > Ry +2,¢ >0 and £ € D(L?).
Combining this estimate and the fact that for any r € R, P — P € B(D(Lo), Hy)
is compact, we have lim;_ ||pr(tj)FHHD = 0 since Lemmas 3.7 B4 and (i) of
Lemma B9 yield that w —lim;_ G(t;) = 0 in D(Ly). Noting that

(COin) M (Ro+3)—t
1PV F I, <C [ T F (), _, 525 — 0

as t — oo,

we obtain lim;_, ||]5_fEA0U(tj)f||HO =0 for f € D(L?). Since D(L?) c D(L) is
dense, (iii) of Lemma follows.

Proof of Proposition B For f € D(L), we take T = T'(f ) > 0 so that

Co(1+T) "4 I p(z) +4C7 (1 + T) "2 I p(z) < 1|
where Cg and C are the constants in Lemma 38 Then we have |[Wr(8)f ||z <
(14t —T)"Y4f||g for any ¢,T > 0 with ¢t > T + T, where Wr(t) is the term
stated in Lemma B8 For this 7' > 0, from Lemma B9, we can choose N(f) € N
such that HVtN(f (T )f||H < 27Yf||g. We put fo = VtN(f (T )f € D(L), gg =
Uo( )(I P¢>EA0U(tN(f))f S D(L()), Zo( ) = WtN(F)( )f and Ty = tN(f_:) + T.

Since E 4, € B(H, Hp), we can see from Lemma 3.8 that all the required properties
in Proposition are obtained, which completes the proof of Proposition

4. DISTORTED PLANE WAVES AND SPECTRAL REPRESENTATIONS OF {U(t)}

In this section we express concretely the spectral representations 7+ = F~1T,
(Wi)_1 for {U(t)} corresponding to Dy by means of distorted plane waves, where
Fk(o) = [z e "%k(s)ds, k € L*(R; @, L*(S2)). This expression is used later in
g6l to prove the representation of the scattering kernel.
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In the whole space R? plane waves mean the solutions of the form e*”7*a with
appropriate vectors n and a (o € R\ {0}). The vectors n and a are selected so that
they become generalized eigenfunctions of Ag. In this paper we choose the half-
space Ri as the free space, and the plane waves ¢g are of a different form because
the boundary condition is set, i.e., they are decomposed into the incident waves
¢} and the reflected waves ¢f;. Moreover, there exist the Rayleigh wave and other
surface waves. In M. Kawashita, W. Kawashita and Soga [7], we have chosen some
plane waves ¢§(x; —o,w) (o € A) (with the surface waves) for the free problem
in the half-space, and have expressed the spectral representation 7y = F~ Ty =
YTo.p, To.sv, To.svo, To,su, To,r), which is of the form

(To.of ) (o,w) = —202m) Loy 232 (F WG (0,w)) o,
fe). . oeRweS: (acA),

where Y0, = {F = (£, 8); ()"f:() € H'(RY), ()08 € Mo }, () = (1+]x]2) /2
and U§(x;0,w) = H(¢§(x; —0,w),i098 (x; —0,w)).

Here the waves ¢§(x;0,w) (o € A) are chosen as follows. The part of the
Rayleigh waves is given by ([22). The other parts ¢§(x;o,w) are of the form
qbg"i(x;cr,w) + ¢y (x;0,w), and stand for the reflection phenomena for incident
waves ¢y, ¢5" and ¢’ are of the forms:

) o ) ASVO .
60 (x50,0) = €07 Xap(@), 65O 010) = S spr 6o S Rasy (@),
7 iccglox - ) iceglox -
o5V (x5 0,w) = €175 FRagy (@), @5 (x;0,w) = €% “Xagy(0),
AP(w) . -1 Ap(w) . —1.P
Pr/_. == i0Cp WX . iocg & (w)x P
¢)0 (X,O’,W) Af(u}) ( ) Ai(u})e aSV(f (w)))
ASV(w) 1.5V ASV(w) .
SV, _ iocp €77 (w)x SV - i0Cy WX
(x0,0) = =5y €77 ap(” (W) — <oy~ “Tasv(w),
0 ATV (W) AV (w)
¢0SH7T(X7 o, w) — ez’acglwanH(w),
ASVO(W) .1 -1 c io
SVO,r - _ iocg w'x' —|olcp n(w)rs t (P ;9
¢O (X7 7(")) Asvo(w)e € ap ( ( Csw ) |0_|’I’](LU) ))
A;EVO(O., w) iocs twex
- Asvo(w) E aSV(W)-

Note that every coefficient in ¢** and ¢*" is in C°(S2) N C>(S2). For more
information see §6 in [7].

We introduce the distorted plane waves ¢%(x;0,w) (o € A, (o,w) € R x S2,
o # 0) defined by the solution of

{ (= (p(x)) " A(x,0x) — 0?)¢% (x;0,w) =0 inQ,
N(x,0%)9% (x;0,w) =0 on 0N

with the outgoing (resp. incoming) condition for ¢ (resp. ¢<) in the sense

(4.1)

that there exists an H2(Q N (Bpg,4+2)¢)-valued holomorphic function ¢%(x; o, w)
in £Im z < 0 (near o) such that ¢$ (x;0,w) satisfies

{ (7pal~’4~0(ax) - 0—2)&1()(; g, w) =0 in Q2N (BR0+2)Ca
No(0x)9% (x;0,w) =0 on 0Q N (Bpry+2)°
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and ¢9 (x;0,w) — ¢§ (x; 0, w) = lim, g (;Nbi(x; o Fie,w) in HE (2N (Bry+2)©)-
We employ the operators R*(z) and W*(z), i.e., a type of the resolvents for the
problem

w2 (—(p0) 1A, B5) — (i 2) = £(x)  in ©,

’ N(x,0«)v(x;2) = g(x) on 99N.
R*(z) and W*(z) are defined in the following way. R¥(2)f(x) is the unique L?-
solution v(x; z) of [@2) for f € L?(Q), g = 0 and W*(z)g(x) is the one v(x; z) for
f=0,g e HY/?(99). Furthermore R*(z) and W= (2) are meromorphic functions in
z € Cx as B(LZ(), HZ,,())-valued and B(HY?(09), HZ,,(Q))-valued functions,
respectively, where L2(Q) = {f € L%(Q); f(x) = 0 for [x| > a}, Ha'?(0Q) = {g €
HY2(09); g(x) = 0 for |x| > a}, HZ,,(Q) = {u € H, (9); there exists ¢ > 0 such
that e=<¥192u e L2(Q) for |o| < 2}, C4 = {z € C\ {0}; —37/2 < argz < 7/2}
and C_ = {z € C\ {0}; —7/2 < argz < 37/2}. By means of R¥(2) and W*(z),
we can give ¢¢ of the form

% (x:0,w) = Y(X)¢5 (x; 0,w) + [RF(0)MG (- 0,w)] (%) + [W*(0)m§ (- 0, w)] (%),
where ¢ € C°(R3) with ¢y = 1 in |x| > Ry + 2, % =0 in x| < Ry + 1, and
M3 (x;0,w) = ((p(x)) "L A(x, 0x) — PJIA(lJ(ax)W(XM%(X; o,w)
+po [Ao(0x), Y165 (x; 0, w),
mg (x; 0,w) = (No(9x) = N (%, 0x)) ($(x) 85 (x; 0, w))
—(No(0x)9)(x) - ¢ (x; 7, w).

Since we can show that (Z2Z) has no eigenvalue (cf. [§]), R*¥(z) and W¥*(z) are
holomorphic near R \ {0}. Hence for any (0 #) ¢ € R, w € S2 (w € A), the
distorted plane waves exist uniquely.

We can represent 7+ = t(T}?, TSiV, Tsivo, TSiH, Tlfzt) by the distorted plane waves
6% in @I).
Theorem 4.1. For any fe Vi, a € A, we have

(TEF)(0,w) = =22m) g e P(E, Ve (ow)n (0 €RweSY),

where Yy, = {f = 1(fy,65); (Vof (1) € HY(Q), ()*°f, € H} and U (x;0,w) =
L% (x; —0o,w), i09%(x; —0,w)).
Before proving Theorem 41l we verify the following lemma.

Lemma 4.2. For any k, € C§°((0,00); L?(S2)) (o € A), s € R, we put

g;l(x) = / e"’s(z‘a)l*lgbi (x; —0,w)kq (0, w)dodS,,,
Rx.S2

al(X) = / ei”(io')l*ld)g(x; —0,w)kq (o, w)dodS,,
RxS2

and €%, ="(g5.1,852), HZ ="*(h 1, hS,). Then we have

(i) b3 € Njo C7 (Re; D(Lg 7)),

(ii) g2 € ﬂ;:o CI(Rg; D(LY77)) and lims_ 100 ||€5 — JwﬁzﬂH =0, where Jy is
in §3] . B

(iii) €5 = U(s)g2 in H, and hs, = Uy(s)h? in Hy.
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Proof. We have the generalized eigenfunction expansion with respect to {¢§} (cf.
§6 in M. Kawashita, W. Kawashita and Soga [7] or Dermenjan and Guillot [2]).
(i) follows from Proposition 5.1 in [7] immediately. To show (ii), we choose some

0 < a < b with supp ko C (a,b) x S3, and take an extension ko(0,w) in o0 € C
of ko(o,w) with [|05ka(0,)|lr2(s2) = O(|Im of) near o € R. We put g, ,(x) =
84,(x) — ¥(x)h, ;(x) and

uy (x;0) = /52 (0% (x5 —0,w) — Y(x)Pg (x; —0, W) (i0) ko (0, w)dS,.
Stokes’s formula implies that
8o (x) =— / (€70 1(x;0)] lombeir idT +/ (€70 1(x;0)] lo=atir idT
0 0

b
+/ [ewsui)l(x; U)] lo=rts dT +/ €% 0y uy i (x;0)do A do
a D

+

in H?(Q), where Dy = {0 € C; a <Re 0 <b,0 < +Im ¢ < 1}. Since ko (a,w) =
ko(b,w) = 0 and [|05ka (0, w)| 12(s2) = O(|Im o), we have

Sup {llut (5 a£im) | m2@) + lus (50 £ i)l p2(0)} < 0o
<r<1

and sup,¢p, [|07ux (5 7)||52(0) < co. Hence we obtain (ii) by Lebesgue’s conver-
gence theorem and ([I]). Since

() Ak, Bt (0 = [ €7(10) 165 s~ 0) oS,
RxS2

integration by parts yields that Lg? = dis g2, which proves (iii) for g5. We can

obtain (iii) for h% in the same way, which completes the proof of Lemma

Proof of Theorem 1l We choose any fixed

k="(kp,ksv, -, kr) € C5°((0,00); @) L*(S2)).
a€cA

For this k, we take f € Hy with Zof = k and define functions h® and g° (s € R)
by

O s - -2 - —1/27 s = s - —2 - —1/255
he =Yo7l 2m) 2 ¥, Phy, g0 =) 27 2m) 22 PE S,
a€EA aEA

where h 5, &% are the functions defined in Lemma[£2]l From Proposition 5.1, (5.5)
and the proof of Theorem 6.2 in [7], we have

Uo(OF = = > 271 (2m) "2, 3/%p, /2 / TS (x; 0, W) Tof (0, w)dodsS,.

ach RxS2

This implies that h® = —f . Since Lemma L2 implies that W.h© = g0, we obtain
Wif = —go.
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From the definition of g°, for any g € ), we have
E Wil )y =—(8.8%n = (Tg’Tof)m(]R;@aeA L2(52)))

where 7¢ (0,w) = — 3 ca 2-1(2m)2¢a > py V(8 , VS (-0, w)) g Since Wi and
70 satisfy |[Wih |y = [h|lm, and [T°h 2. mq _ ro(sz)) = 4(2m)|[h|[7, for any
h € Hy (for 7°, cf. (3.5) in [7]), we obtain

& Wif)g = (We)'g.f ), = 4_1(27T)_1(70(W¢)_1§,TO?)L?(R;@%A L2(52))-
Hence it follows that
(471 2m) T — )&, k) = 0

for any k € C§°((0,00); P, cp L*(S2)), which yields Theorem €.l for o > 0. In the
case of o < 0, we can argue similarly. This completes the proof of Theorem [4.1]

5. THE FOURIER TRANSFORM OF THE DISTORTED PLANE WAVES

When the free problem is considered in the whole space, the representation of
the scattering kernel is given by means of the scattered waves for the incident plane
waves of the form 6(t — ¢ 'w - x) a (cf. Majda [11], Soga [17], etc.). These incident
waves can be regarded as a superposition (in the frequency o) of the plane waves
eioteioc WX 5 je. they are the (inverse) Fourier transform of e a. Let us
note that they are equal to 0 in the ball {x : |x| < r} if ¢ (or —t) is large enough.
This implies that the (inverse) Fourier transforms of the distorted plane waves are
of the d-function form for sufficiently large ¢ (or —t).

In our case (i.e., where the free problem is considered in the half-space), however,
the plane waves in the free problem contain the surface waves, and consequently
support of the (inverse) Fourier transforms of the distorted plane waves, in general,
is spread into all the space even if ¢ (or —t) is arbitrarily large. Therefore we cannot
follow the same procedures as in the case of the whole space. Our second purpose of
this paper is to represent the scattering kernel with the (inverse) Fourier transforms
of the distorted plane waves defined in §4l

In this section we examine the (inverse) Fourier transforms w¢ , ., (¢, x;w) of the
distorted plane waves ¢% (x; —0,w) defined in § ie., w$ . (t,x;w) = (21)7" [,
€7'¢%(x; —o,w)do. For the free problem, the (inverse) Fourier tansforms
w§ (t,x; w) (= (2m) 7t [ €"7'¢f (x; —o,w)do) are of the forms:

ioc twx

AP (w
wi (t,x;w) = 6(t — cp'@ - x)ap(@) — A%Ewié(t — cplw-x)ap(w)
AP
- Sry 3= 5" () - Xasy (€ (),
1- - ASV(w —1
wgV(t,x;w) =0(t—cg w-x)agy(w) — Aivgwié(t —cg w-x)agy(w)
A5V (w

— g0t — cp %V (w) - x)ap(¢Y (w)),
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cp/c 1 -2
o - CUF B

w —cg 1o - x)agy (@)

—5(t —c5'w - x)agy(w)}

cp/cs)|wPwsn(w
+ 4( P/ASS?J/OLM)W( ) {(Pvi)|s_tcslw,xasv(w)

1
+(PU;)|S:t_C§1w.anV (w)}

AT (B e () ) wstexen

H(t,x;w) =4(t— cglw -xX)agy(w) +o(t — cglw -x)agy(w),
2
w _ (0 _
wit(t, x;w) = /27mpoC% Z { C’;‘R< ) Rj(t,x;w) +Cip <1> Kp (it x;w) } .

Jj=1

For the perturbed problem, as is shown later, the (inverse) Fourier transforms
WS or(t, X;w) belong to C*°(Q; 8'(Ry)), where C*°(€; S'(R;)) denotes the space of
S’ (R;)-valued C* functions on €2, and converge to w§ (t, x;w) as t — Foo. Namely
W 4o are the solutions of the following equations:

(p(x)0} — A(z,0x))w(t,x) = 0 in R x €,
(5.1) N(x,0x)wy(t,x) =0 on R x 99,
wi(t,x) — Y(x)w§(t,x; w) satisfies the (£)-condition,
where 1 is the cutoff function used to define ¢§. Here, we say that w (¢,x) (resp.
w_(t,x)) satisfies the (+)-condition (resp. (—)-condition) if and only if

wy € COO(I% s H®(Q)) with dyw € COO(I%EO;HOO(Q)) for some Ty > 0
and limy_,+o |[Wi(¢,)|l1,0 =0,

where ijo = (—o0, =Ty}, Iz, = [To, 0).
From now on, we prove the above facts for w¢ , ;.

Proposition 5.1. For any o € A, [BI) has the unique solutions wy(t,x) =
WG o (t, X50) in C°(Q; S'(Ry)). Furthermore, wg ,,, satisfy

/R W o3 ) = 62 (x; —0,).

Proof. We prove Proposition B.1] only for w ,,, since the case of w¢ ;,, is simi-
lar. If two functions w® ,, and w® , , satisfy (B.I), w_(t,x) = w2 (¢, x;w) —
W ot (t,x;w) is a solution of ([B.2) in ¢ > Ty for some large Ty > 0. Hence we have
w_(t,x) = 0 for any ¢ > Ty. This implies uniqueness of (5.1l), since the problem
(02 — (p(x))"LA(x,0x))u(t,x) = q(t,x) inRxQ,
(5.2) N (x,0x)u(t,x) = m(t,x) on R x 99,
u(t,x) = 0 if ¢t > 0 is large enough

has a unique solution u € C*(Q; 8’ (Ry)), if € O (; S'(R;)), m€ C*°(99Q; S'(R;)),
and q = 0, m = 0 for ¢ large enough.

Let us show existence of w¢ , ,(t, x;w). For o € {P, SV, SH }, we put the solution
we of B2) with g = q*, m = m?, where we set q*(¢,x;w) = qwg (t,%) and
m®(t,X;w) = myg (,%). In the above, qws and mye are defined by (3.3). In
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this case, since q* = 0, m® = 0 for large ¢, we have the solution w®. Noting
that RT(—0) = R*(e™o) = R (o), by the Paley-Wiener theorem, we obtain
Jee W (txsw)dt = ¢ (x5 —0,w).

For o € {SVO, R}, we take¢€ C*®(R) with¢p =1int >Ty+2, ¢ =0in
t < Tp + 1, where Ty > 0 is a constant satisfying q® € C®((R \ [-Tp, Tp]) x Q) N
C>®(; S (Ry)), supp q*(+, sw) C R X (Bry+2N), m® € C°((R\ [T, To]) x Q)
NC>(09; 8" (Ry)), supp m*(+, ;w) C R x (Bgy42 N ON), and

(5.3) Fyt,w§) < Cp(L+ 1t~ 77 (t] = To,p 2 0).

We take the solution W (t,x;w) of (B.2) with q = (1 — ¢(t))q*(t,x;w) and
m = (1 — ¢(t))m*(¢, x;w). From (B3)) and Proposition we also have the so-
lution W 5(t,%;w) of ([B.2) with q = qgwe and m = mywg. Since qgws (t,x) =
o(t)q*(t,x;w) and mgwe(t,x) = ¢(t)m*(t,x;w), W ; and W2, belong to
Cc>(Q; & (Rt)) and w2 ), = Ywg + W | + W , is the solution of (B.1]).

We put f(x;0,w) = [pe "t o(t)q™(t, x; w)dt and

g(x;a,w):/Re*iotd)(t)mo‘(t,x;w)dt.

To obtain [ e “'w® (¢, x;w)dt = ¢S (x; —0,w), it suffices to show that

/R e W L, (t, x;w)dt = [R™(0)f(+; 0,w)](%) + W (0)g(:;0,w)](x) in o € R\ {0}

since RT(—0) = R~ (0), and the Paley-Wiener theorem implies that

/R R (1% w)dt = (R (0){G° (5 +orw) — E(0,0)}](x)
+ [W—<o>{ma<~; Lo,w) — &(0,0)] (%),

where q* = [p e "7'q(t, x; w)dt and m* = [p et m (¢, x; w)dt.

Takexecoo( )WlthX:11nt§ 1,X—01nt22andsetf(t,x,w)=
x(et)f(t,x;w) and g(t,x;w) = x(et)g(t, x;w), where f(t,x;w) = o(t)q* (¢, x;w)
and g(t,x;w) = ¢(t)m*(¢,x;w). Since from (B3], we have \|5‘gf(t,~;w)\|Lz(Q) +
107 8(t, s w)llrr1r200) < Cj(1+ [¢))7'77 and for any j > 1 supg..<; [0fx(et)] <
Cj(1+|t|)~" for some fixed constant C; > 0, it follows that f.(-;0,w) — f(-;0,w)
in L2(Q) and g.(-;0,w) — g(;0,w) in H/2(09) as ¢ — 0 locally uniformly in
Im o < 0 o # 0, respectively. Let u(t,x;w) be the solution of B2) with w =
x(et)p(t)w (¢, x;w) obtained by Proposition Since u® = 0 for large ¢t € R,
the Paley-Wiener theorem and uniqueness of the incoming solutions of ({I]) imply
that 0%(x;0,w) = [R™(0)f.(;0,w)](X) + [W(0)g-(-;0,w)](x) in Im o > 0 as
H?(Q)-valued functions in x €  for any € > 0. Hence noting that supp q®* C R x
(Bro12N) x S2, supp m® C R x (Br,12N0Q) x S2, we have lim. ¢ 02 (x; 0,w) =
[R™(0)f(;0,w)](X) + [W (0)&(+; 0, w)](x) in H} _(Q) locally uniformly in 0 € R\
{0}. Note that Proposition B2 yields that

lug(t, ;w) —ug(t,- )||1p<C{F0(t w )Jr/ Fl(T,W?)dT} —0ase— 0,
t

where w2 (t,x;w) = (x(et) —1)p(t)w(t, x;w). Hence we have lim,_,qio002 (x; 0, w)
= ioW? ,(x;0,w) in §'(R,) as L*(Q )valued functions in x. Thus we obtain
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W H(x50,w) = [R™(0)E(50,w))(x) + W (0)&(5;0,w)](x) in & € R\ {0}, which
completes the proof of Proposition (.11

6. REPRESENTATION OF THE SCATTERING KERNEL

We introduce the scattering operator S = T+ (T7)~! in the same way as in

Lax and Phillips [9], which belongs to B(L*(R; @, L*(S2))) in our case. S can
be decomposed in the form Sk = *((Sk)p, (Sk)sv, -+, (Sk)r) = "(3_4ca Spaks,

c ZﬁeA Sngg), k = t(kp,ksv,~'~ ,kR) c LQ(R; GaaEA L2(S§)) Each Saﬁ is
a bounded operator from L?(R; L*(53)) to L*(R; L*(S2)), and has a temperate
distribution kernel called the scattering kernel:

Sapks(s,0) = dapks(s,0) + / Sap(s —§',0,w)ks(s’ ,w)ds'dS,,.
RxS3
Using w§ (t,x;w) and wg ;,,(t,x;w) stated in §5, we give the representation
formulae of the scattering kernel which is of the Majda type (cf. Majda [11]], Soga
17, [18]).
Theorem 6.1. The temperate distributions Sas(s,0,w) (o, 8 € A) are of the forms
Sup(s,0,w) =271 (=2m1) 2 (cacs) 32 py  Sup (s, 0, w),

where

Sap(s,0,w) = / / Dewi(s',y;0) - (02 — pale(ﬁy))wi(s' — 8,y;w)ds pody
anr2 JR
*/ {/ i (s, y30) - No(Dy)wh)(s' = s, y3w)ds’
A(QNRY) R

— A(No(ﬁy)aszwg)(sl,y; 0) - wﬁ(s' — &y;w)ds’} dSy.

In the above, Ny(dy) = No(dy) on OR3, Ny(dy)u = Z?,j:l vi(y)ag;dy,u on 9Q,
ab= 23‘21 ajb; for anya ="'(a1,as,a3) andb = (b1, bs,bs) € C3, and ws (¢, x;w)
= Wi,tot (t7 X UJ) - W(? (tv X UJ)-

Remark 6.2. Since (1 + s2)~0+0297w” ¢ C(@Q x 52 — H-N=3(R,)),
(1+ s%)1+9/2 9. 0ywy € C(R3 x §2 — H—3/27=-1(R,)) (for any ¢ > 0, 0 <

§ < 1/2), every convolution in s’ in the formula of S, is well defined.

Instead of showing Theorem 6T directly as Soga [18] did, we consider the Fourier
transform S = F~1SF of S and prove a reformulated theorem concerning S by the
methods in Kawashita [6]. Let us note that S is unitary on L?(R; @, L*(S2)) and
commutes with multiplication by bounded measurable complex-valued functions.
This fact follows from & = 7H(77)~! and (T*U)f)(o,w) = €1 (T=f)(o,w),
where 7+ are spectral representations of {U(t)}. Hence by Corollary 4.2 in Chapter
IT of Lax and Phillips [9], we get a B(@, 5 L*(S2))-valued function S(o) on o € R
called the scattering matrix such that it is unitary for almost all ¢ € R and that
for any k € L2(R; @, L2(S?)) we have

(Sk)(0,0) = (S(0)k(o,-))(0) for almost all o € R and 0 € S2.

a€cA
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We set Sop = F~'SagF (o, 8 € A). Then each Sop has a B(L?*(S3), L*(S3))-
valued function S,5(0) on R such that Sygks(o, 8) = (Sap(0)ks(o, ))(9) Thus
S(o) can be expressed as the 5x5-matrix of the operator (Saﬁ( ))7 and Theorem
is reformulated in the following way.

Theorem 6.3. The components Sap(0) (o, B € A) of the scattering matriz are
represented as

(Saﬁ(g)kg(d, ))(9) = 5,15]{35(0, 0) +/ Kag(O', G,w)kg(a,w)dsw a.e.oceR e Si,
53
for any kg € C5°(R; L*(S3)), where
1 —0
Kag(a,ﬁ,w) = Eg(cacﬁ) 32 pO Kaop ( 0 w)

f(ag(cr,ﬂ,w) = /Qﬁ]R3 (fpgle(f)‘y) - 02)v’f (y; —o,w) - 98 (y; —0,0)pody
of {No(ay>v€(y; ~0,0) - By —0.0)
d(QNRY)

~ V2 (yi=0,w) - No(9y )85 (vs —0.0) | dSy.

In the above, v (x;0,w) (x € QN R2) are defined by ¢° (x;0,0) = (bg(x; o,w) +
VP (x;0,w).

From S, = F~1S,sF, we have S,5(s,0,w) = (2m)~! Jr e Kop(0,0,w)do.
This fact and Proposition [B.1] imply that Theorems and [6.3] are equivalent to
each other. Hence in what follows, we give only the proof of Theorem [6.3l
Lemma 6.4. The following items are equivalent to each other:

(i) There exist bounded measurable functions Dog(o,0,w) (o, € A) such
that for any k = *(kp,--- ,kg) € C3°(R;@,cp L*(S2)) and for almost
all (0,0) € R x S2 we have

[(8(0))" k(0 -)], (0) = )+ Z/ Dag(0,0,w)ks(0,w)dS..
BeA
ii ere exist bounded measurable functions D,g(0,0,w) (o, 8 € such that
Th bounded ble fi Dogs(o,0 €A h th

(6.1) 9% (x;0,0) — o5 (x;0,0)

oy (Ca>3/2/ Dus(—0,0,0)" (x;7,0)dS. — 0

BeEA

forany o € R, 6 € S2 and o € A.

Note that (i) is equivalent to

T f(0,0) =T f(0,0) +Z/ Dog(0,0,w)TSf (0,w)dS. (€ A)
BEA
since S* = 7~ (7). Thus Theorem E1] implies Lemma

To obtain Theorem [6.3] we need to show the following lemma to the function
©%(x;0,0) defined by the left-hand side of (6.1]).
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Lemma 6.5. If we choose Dyg(0,0,w) as Dyg(0,0,w) = Kga(o,w,0), we have
0% (x; 0,0) =0 inx € Q for any 0 € R\ {0}, w € S%, a € A.

Note that Lemma means that (ii) of Lemma holds. Since (i) of Lemma
is equivalent to the equality

[(S(0)k(a, )], (8) = ka(o,0) + Z/ Dgo(0,w,0)ks(o,w)dS.,,
BEA
combining these facts, we obtain Theorem [6.3]if we show Lemma
To give a proof of Lemmal[6.5] we have to decompose v® (x; o, w) into an outgoing
part and the other part. This requires the Green functions G*(x, y; z), distribution
kernels of the resolvent Ri(z) for the free problem

(—pp T Ao(Bx) — 22)vE(x; 2) = f(x) in R3,
No(0x)vE(x;2) =0 on OR3
vT (resp. v7) is outgoing (resp. incoming).
The resolvent R (z) is defined by the same manner as that of R*(z). Note that
R5(2) is a B(L*(R3), H*(R3))-valued (resp. B(L2(R%), H2, (R3))-valued) holo-

exp

morphic function in +Im z < 0 (resp. z € (Ei) Since the Green functions are
given by Ry (2)f(x) = [oo G*(x,y;2)f(y)pody (= (GF(x.52), Fny), GF(x.y:2)
is a 3 x 3-matrix whose each component belongs to a D’ (Ri X Ri)—valued analytic
function in z € C4. We note that GF(x,y;2)isC*inx #y,x,y € R% and
z € Cy.

Lemma 6.6. The Green functions GF(x,y; z) satisfy
(6.2) tGF(y,x;2) = GF(x,y; 2) in D'(R3 x R3) for z € Cs,

(63) m = Gi(X’y, Z) in D/(Ri > Ri) for s e (Ei}
(6.4) Gt (x,y;0) — G (x,y;0)
1 —0 -
T 4xon o 0! ¢oxaw)®¢o(y,aw)d5
1 —o
(5) ~ axon lo IZ / 85 (x;0,w) ® ¢ (y; 0, w)dS

for any x, y € RY and o € R\ {0}, where a®b (a, b € C?) is a 3 x 3-matriz
defined by (a ® b)c = (b - c)a for any c € C3.

Proof. For f, g € L2(R3), integration by parts yields that
» {Ry (2)f(x) - g(x) — £(x) - Ry (2)g(x)}podx = 0,
3
which means (6.2). Since (Ag —2z%)~f = (4g — 2%)"'f in £Im 2z < 0, we have
©3). To show (64), we note that
RE(0)f(x) = s — lim (Ao — (0 F ie)?) "' (x) in HZ,,(R3).
E—

exp

Since generalized eigenfunctions ¢§(x;o0,w) (v € A) of Ay give an expansion of
f € Ho by maps defined by (F2(0)f)(w) = py /*ca®(—io) (£, ¢3 (0, w))p, (cf.
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§6 in [7]), from Theorem 2.2 in [7], for any f and g € C§°(R3.) we have
((Rg (o) = Ry (0))f, &),
=5 lirr(l) (((Ag = (0 —ie)®>) ™" — (A — (0 + i£)2)*1)f,g)H0

=271(2m) (o) ' ) (Fa(0)E, FQl0)g) re(sz)
a€A
—io -1 _— « a PRV
= s oot [ [ (0050w (xi0,0) - BB xS..
aEN o +
Hence we have ([6.4). From (62) and (64), we obtain (6.3]), which completes the
proof of Lemma

Remark 6.7. In the case of the scalar-valued wave equation in R”, Lax and Phillips
[10] give the difference between the outgoing and incoming Green functions, which
is one of the crucial facts to show the representation formula. In this case, they give
the Green functions by Hankel functions and show the difference corresponding to
(63) by integral representations of Bessel functions. In the case of the whole space
R3, it can also be shown by the exact form of the Green functions obtained by
the Fourier transform (cf. [6]). From the proof of (6.), to obtain the form of the
difference, we can say that the representations of the solutions using expansions by
generalized eigenfunctions are essential.

Lemma 6.8. Assume that w*(x; z) is an H*(QNRY)-valued holomorphic function
in £Im 2z < 0, and is an HE (2 NR3)-valued continuous function in +Im z < 0,
z #0, If wk(x; 2) satisfies

(=pg ' Ao(Ox) = 2*) W= (x;2) =0 in QN (Bg)",

No(Ox)WE(x;2) =0 on 0Q N (Br)©,

for some R > 0 independent of z, we have

wE(x; 2) = / LGE(y, x; 2)(—py L Ao (By) — 2w (v 2)pody
QmRi

[ (R W (v:2) ({06 (. xi2)w i) | S,
A(QNR3)

Proof. For any f € Hy, Ry (2)f(x) = fRi G*(x,y; 2)f(y)pody, integration by parts
yields that

(6.6) /QmR3 {Wi(X; z) - f(x)

— (= p5  Ao(By) — 22)wWE(x; 2) - /

G=(x,¥: 2)£(¥)pody ppodx
R

3
+

_ / {whx2) - | —No(0)GE (x, 3 2)E(y)pody
(QNR2) R3

~ No(@wE(xi2) - [ =GE(x i 2)f(y)pody pdSi,
RY
for +Tm z < 0. Since Ny(9y)GE(x,y;2) = 0, No(dx)wE(x;2) = 0 in x| > Ry + 2,
x € 9(2NRY), and each term in (6.6) is continuous in +Im z < 0, z # 0, we have
60) for £Im z <0, z # 0, if f has compact support. This fact yields Lemma [6.8
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We put g (x;0,0) = (—py "Ao(0x) — 0?)v®(x;0,0) and

3/2
VO 0) = 3 <—> K=, )68 (x;0, )5
gen \©B 5%

G (x, 250, 0) = / Gy, % 2)8% (v 0, 0)pody
QmRi

s et e i
A(QNRY)

~ (No(@y)G* (v, x:2)) v (3:,0) }dS,

where K,p(0,6,w) is given in Theorem Using Lemma and (GI)), we de-

compose v%(x;0,0) as v*(x;0,0) = Vg’O(X;U,Q) +9*1(x,0;0,0), which implies

that
(6.7) ©¥(x;0,0) = p*(x,0;0,0) + p°(x;0,0) inxec QN R? and o € R\ {0},
where 9% (x, 250, 0) = ¥ (x, 7 0,0) + ¥2(x, 2 0, 0),

) 3/2
wa(x; o, 9) = vf’o(x; o, 9) — Z <Z;> . Dag(fd, G,w)d)’g(x; U,w)dsw,
BEA B

3/2
P2(x,2;0,0) = —vE(x;2,0) — Z <Ca> Dag(fo,e,w)vﬁ(x; zZ,w)dS,.
Cﬁ S2

BEA B
In the above, v (x; 2, 0) is defined by ¢ (x; 2,0) = ¢f (x;2,0) + v (x; 2,0). Using
the decomposition [G.7)) of ¢*(x;0,0), we show Lemma
Proof of Lemma 6.5 From the definitions of ¢ and ¢, we have that ¢®(x;0,0)
is C* inx € Q, Y*(x,2;0,0) is C>® in x € QN (Bg,)° for any £Im z < 0,

{ (—(p(X>)_1A(X, ax) - UQ)SOQ(X; g, (9) =0 n Q7
N(x,0x)p%(x;0,0) =0 on 09,

and for any +Im z < 0,
{ (=(p(x)) T A(x,0x) — 2°)¥*(x,20,0) =0 in QN (Bg,)°

N (x,05)0%(x, z;0,0) = 0 on 9NN (Bg, ).
Note that the assumption of Lemma implies that
(6.8) ¥ (x,0,0) =9 (x,0;0,0).

In what follows, we fix 0 € R\ {0} and w € S2.

Lemma 6.9. The function ¥*(x,z;0,0) (j = 1,2) is holomorphic in Im z <
0 (resp. continuous in Im z < 0, z # 0) as an H*(Q N (Bg,)¢)-valued (resp. an
H? (2N (Bg,)¢)-valued) function.

If we assume that Lemmal[6.9lis true, for Im z < 0, the uniqueness of L2-solutions
of (2] implies that

(6.9)  P(x)¥(x,20,0) + (1 = ¢ (x))e%(x;0,0)
=R (2)al", z10,0)](x) + W (2)[m(, z;0,0)](x),
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where q = —py ! [Ao(0x), P](¥° (-, 20, 0) = (0, 0))+ (02 =2%) (1=1(x) ) p* (x; 7, )
and m = (M) (x) (¥ (x, z; 0,0) — p*(x; 0,0)). From LemmalG.9 and (G.8)) we have
q— 0 (resp. m — 0) in L% () (vesp. H}{ﬁ_Q(&‘Q)) if we put z = o —ic (¢ > 0)
and take the limit ¢ — 0. Hence it follows from (G.8) and (G.9) that we obtain
©*(x;0,0) = 0.

Proof of Lemma [6.9 Tt suffices to show Lemma for Y*1. We set x(x) = 1 —
1(x), where 1) is the function used to define the distorted plane waves in §4 Since
X(x)ve(x;0,0) satisfies

(=pg " Ao(0x) — 2°) (x(x)v2 (x30,6)) = Xx(x)g% (x; 0,6) + h*(x, 23 0,6)
. ) in QN Ri,
No(0) (X (x)v2(x;0,6)) = —(No(0x)1h(x))v2 (x5 0,0) on 9 NRY,
where h® = (02 — 22)x(x)v® (x;0,0) + py ' [Ao(0x), ¥]ve (x; 0,6), Lemma 6.8 and
the fact that *(Ny(9y)G(x,y;2))¢(y) =0 in y € (2 NR2) yields that
(6.10)

(%, 2;0,0) = /

Gy, x2) {6 (y)g% (:,0) — B (x, 25 9,0) | pody
QNRY

+x(x)vi(x;0,0) + /a(ms ) LG (y,x; 2) (No(0y ))ve (y; 0, 0)dSy.

Choosing w(x;2) = Wi (2)[(No(9x)¥)(-)ve(+;0,0)](x) and @ = R3 in Lemma
6.8, and noting that supp (Ny(9x)¥)) C (Bre+2 \ Bry+1) N OR3, we have

/ LG (y, % 2) (No(8y )V (v: 0, 0)dS,
A(QNR3)

= /8 . ‘G (y, x; 2)(No(Dy ) ) vE (y; 0,0)dSy = Wi (2)[(No(9)¥)ve (5 0, 0)] (x).

Combining this equality and ([€I0), and using ([6.2]) we obtain
VN (x,250,0) = (1 = (x))v (x;0,0) + R (2) [0 ()" (;0,0) — h*(, 2;0,0)](x)
+ Wy (2)[(No(0x)9)ve (5 0. 0)] (),

where h*(x, z;0,0) = h®(x,2;0,0) for x € QN R3, and h*(x,2;0,0) = 0 for
x ¢ QN Rﬁ_. This completes the proof of Lemma [6.9)

7. PROOF OF PROPOSITION

Lemma 7.1. There exists a constant C > 0 depending only on A(x,0x) and 2
such that for any t € R

P

(7.1) [u(t, )4po < C {supZFo(T, w) + /too Fryp(T, W)dT} ,

t<t =0

where u € ﬂ']ll:g‘C’j(]R; H'P=1(Q)) with 8,5.u € ﬂﬁ;o CI(R; HP=I(R)), and w €
ﬂ;zo CI(R; H*7I(RY)) with Oyw € ﬂ;zo CI(R; H'I(R3)), satisfy B2) and van-
ish if t is sufficiently large.
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Proof. First we show (ZI) with the additional assumptions that u € C*°(R; H%(Q))
with dyu € C°(R; H(2)), and w € C*(R; H?(R3)) with 9;w € C>®(R; H'(R3)).
We put

3
E(t) = %/Q { Z (a5 (x)0 (1, %), 8, u(t, %))+ p(x) Bpu(r, x)” | dx.
Re/ Zl a;j(x V) (x)w(t, %), 0, u(t, x))csdx,

where E(t) ( = E(t,u) ) is the total energy of u. Noting the forms of qy(t,x) and
my, (t,x) (cf. (B3)), and using integration by parts, we have

d

S(B()+M(1) = Re /Z{a 0, w(t, %), D0, 0(x)0u(t, X))o

3,j=1
(55 (%), V() Dw(t, ), O (t, %) e x|,
since 1(x) = 1, a;;(x) = af;, p(x) = po in [x| > Ry + 2. From this equality it
follows that

d
S(E(®) + M(®)

for some constant C' > 0 independent of ¢t and w. Hence we have

|E(t) — E(s)| < C {Hl:%x Fo(r, w)VE(T) + /t Fy(r, W) /E(T)dT}

for any ¢t < s. Since E(s) = 0 for large s, it follows that

< CF(t,w)VE®), |M(t)| < CFy(t,w)\V/E(t)

N

- 1/2
E(t) < C[Fo(f,w)+/£ Fl(T,W):| (supE(T)>

i<t

1
+ = sup B(7)

2 f<7'

IN

2C

o0
s~upF0(T,W)+ﬁ Fy(r,w)dr
7

t<t

for any ¢ < ¢. Hence we have the estimate (1)) for p = 0.
Since Oyu is a solution of B2) for qs,w and mgy,w, the above argument yields
that

ZH@ju NMNhio<C supZF (t,w) —|—/ Fy(r,w)dr
t

t<t
=T =0
From the elhptlc estimates for the system {A(x, 0x), N'(x, %)} and 3T, it follows
that
S 02u(t, )z < ClAGE Bz + IV, Bl i1z oo
|| =2
+ [IVsu(t, )l 22 (o));
we obtain () for p = 1.
Next we remove the additional assumption of regularities for u and w. Take
¢ € C§°(R) with ¢(s) > 0, supp ¢ C (—1,1) and [ ¢(s)ds = 1. We set uc(t,x) =
Qe ¥ u(t,x) = [ @e(s)u(t — s,x)ds and we(t X) = @ * w(t,x), where p.(s) =
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e to(e7ts) (0 < e <1). Note that u.(t,x) and w,(¢,x) vanish for large t € R and
satisfy the additional assumption of regularities. Since u. is a solution of ([B.2]) for
dw. and my,_, we have the estimates replacing u and w with u. and w, in (1)),
respectively. Noting that lim. o F;(7,w,) = F;(7,w) uniformly in every interval
[t,00), taking € — 0 we obtain Lemma [T]]

Now we show (i) and (ii) in Proposition If we assume that w = 0, it follows
that from the energy conservation law, E(t) = lim, . E(7) = 0. Hence u = 0,
which shows the uniqueness.

To obtain a solution of (3.2]) for w € ﬂ}:o CI(R; H*77(R3)) with yw € ﬂ;:o I
(R; H'7(R%)), we put wr(t,x) = x(t — T)w(t,x), where T > 0 and x € C*(R)
with0<x<1,x=0int>0,x=1int < —1. Since wp =0 for ¢t > T, we have
a solution ur € ﬂ;zo CI(R; H?>79(Q)) with dyur € ﬂ;zo CI(R; HI(Q)) of B2)
for qw, and my,.. Since Lemma [Z.1] implies that

/

Fj(1,w) ) + Fiip(m,w)dr

[z () =8t Yiepe < €4 sup
T-1

P
_ ’
T-1<7<T’ N 5

for any T' < T”, we know that

lim ar(t,x) = u(t,x)
T—oo

exists in m?:o CJ(R; H™P=7(Q)) and we have limp_.., d;ur(t,x) = dyu(t,x) in
Nf—o C7(R; HP~7(Q)). The limit u is a solution of ([3.2) satisfying the estimate in
(ii) of Proposition

To show (iii) in Proposition B2 we put v(¢,x) = u(t,x) + ¥(x)w(t,x). Note
that v € ﬂ}:o CI(R; H*79(Q)), Ov € ﬂ;zo CI(R; H'=9(Q)) and that v satisfies

{ (07 = (p(x)) " A(x, 0x))v(t,x) =0  inRx Q,
N(x,0%)v(t,x) =0 on R x 99,

the energy conservation law implies that for j = 0, 1 the total energy E(t, Bg v) of
d7v is independent of ¢ € R. Thus we have

VE(07w) < E(t 87 (ww)) + \/ E(s, 0 (bw)) + 1/ E(s, 0] ).
From (B.J)), it follows that

1
E(t,0](yw)) < O B(t,0w) < C|"(w(0,-), 8w (0,)) D1,
1=0
for any ¢t € R, where we use the energy conservation law for the solutions of

[(B2). Using these inequalities and the elliptic estimates for the system {.A(x, dx),
N(x,0x)}, we have

[u(t, )20 < C{II"(w(0,), 0w (0, )l p(ro) + (s, )20}

for any ¢, s € R. Hence we obtain (iii) of Proposition B2] since (ii) of Proposition
yields lim,_o [Ju(s, -)|l2,0 = 0.
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